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Motivated by a recent experiment [L. F. Livi, et al., Phys. Rev. Lett. 117, 220401(2016)],
we study the ground-state properties of interacting fermions in a one-dimensional optical lattice
clock with spin-orbit coupling. As the electronic and the hyperfine-spin states in the clock-state
manifolds can be treated as effective sites along distinct synthetic dimensions, the system can be
considered as multiple two-leg ladders with uniform magnetic flux penetrating the plaquettes of each
ladder. As the inter-orbital spin-exchange interactions in the clock-state manifolds couple individual
ladders together, we show that exotic interaction-induced vortex states emerge in the coupled-ladder
system, which compete with existing phases of decoupled ladders and lead to a rich phase diagram.
Adopting the density matrix renormalization group approach, we map out the phase diagram, and
investigate in detail the currents and the density-density correlations of the various phases. Our
results reveal the impact of interactions on spin-orbit coupled systems, and are particularly relevant
to the on-going exploration of spin-orbit coupled optical lattice clocks.
I. INTRODUCTION
Spin-orbit coupling (SOC) plays a key role in solid-
state topological materials such as topological insulators
and quantum spin Hall systems [1–3]. The experimental
realization of synthetic SOC in cold atomic gases opens
up the avenue of simulating synthetic topological mat-
ter on the versatile platform of cold atoms [4–18]. In
most of the previous studies, synthetic SOC is typically
implemented in alkali atoms using a two-photon Raman
process, in which different spin states in the ground-state
hyperfine manifold of the atoms are coupled. Thus, as the
atoms undergo Raman-assisted spin flips, their center-
of-mass momenta also change due to the photon recoil.
Alternatively, by considering the atomic spin states as
discrete lattice sites, the SOC can also be mapped to ef-
fective tunneling in the so-called synthetic dimension [19–
22]. Such an interpretation has led to the realization of
two-leg ladder models with synthetic magnetic flux, and
to the subsequent experimental demonstration of chiral
edge states using cold atoms [10, 23, 24].
For systems under the synthetic SOC generated by the
Raman scheme, a key experimental difficulty in reach-
ing the desired many-body ground states is the heat-
ing caused by high-lying excited states in the Raman
process, whose single-photon detuning is limited by the
fine-structure splitting [4–6]. This problem can be over-
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come either by choosing atomic species with large fine-
structure splitting [25, 26], or by using alkaline-earth-like
atoms [27], which feature long-lived excited states. In-
deed, in two recent experiments, synthetic SOCs with
significantly reduced heating have been experimentally
demonstrated by directly coupling the ground 1S0 (re-
ferred to as |g〉) and the metastable 3P0 (referred to
as |e〉) clock-state manifolds of 87Sr or 173Yb lattice
clocks [10, 11]. In Ref. [10], the electronic states are fur-
ther mapped onto the effective lattice sites along a syn-
thetic dimension, such that a two-leg ladder model with
uniform magnetic flux is realized and the resulting chiral
edge currents are probed. Similar models for bosonic sys-
tems have been extensively investigated in the past [28–
35]. When the flux is small, chiral edge currents emerge
at the system boundary, where the currents along the
two legs are opposite in direction. This is reminiscent of
the Meissner effects of superconductivity [36]. When the
flux becomes sufficiently large, the system undergoes a
phase transition as the chiral edge currents are replaced
by vortex lattices in the bulk, where currents exist on
both the rungs and the edges of the ladder.
Furthermore, when taking the hyperfine spin states
in the clock-state manifolds into account, one can map
both the electronic and the spin degrees of freedom into
distinct synthetic dimensions, such that the system in
Ref. [10] can be extended to model multiple two-leg lad-
ders with synthetic magnetic flux penetrating the pla-
quettes of each ladder. Here, different electronic states
label the two legs of each ladder, and different spin states
label different ladders. It would then be interesting to
study the ground state of the system as the parame-
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2ters such as the flux or the interactions are tuned. In
the clock-state manifolds of alkaline-earth-like atoms, the
nuclear and the electronic degrees of freedom are sep-
arated, and the short-range two-body interactions oc-
cur either in the electronic spin-singlet channel |−〉 =
1
2 (|ge〉 − |eg〉) ⊗ (|↓↑〉 + |↑↓〉), or in the electronic spin-
triplet channel |+〉 = 12 (|ge〉 + |eg〉) ⊗ (|↓↑〉 − |↑↓〉) [37–
39]. Here, |↑〉 and |↓〉 label different spin states in the
|g〉 or |e〉 hyperfine manifolds. As reported in previ-
ous studies, such an inter-orbital spin-exchange interac-
tion would induce density-ordered states in either the
spin or the charge channel, leading to spin-density wave
(SDW), orbital-density order (ODW) or charge-density
wave (CDW) phases [40–48]. More interestingly, these
interactions would couple the otherwise independent lad-
ders, which may induce new patterns of current flow in
the system.
In this work, adopting the concept of synthetic dimen-
sions, we explicitly consider the hyperfine spin states
in the clock-state manifolds and map the system in
Ref. [10] to multiple two-leg ladders (see Fig. 1). Using
the density matrix renormalization group (DMRG) ap-
proach [49, 50], we then numerically investigate the effect
of interactions on the many-body ground-state properties
such as the current flow and the density-density correla-
tions. Our numerical results reveal a rich phase diagram,
where the interactions drastically modify the Meissner
and the vortex states in the non-interacting case. In par-
ticular, we show the existence of an exotic interaction-
induced vortex state, where spin currents emerge be-
tween different ladders together with SDW in the sys-
tem. As the interactions in the clock-state manifolds can
be readily tuned by external magnetic field through the
orbital Feshbach resonance [51–53], or by transverse trap-
ping frequencies through the confinement-induced reso-
nance [54, 55], our results have interesting implications
for future experiments.
The work is organized as follows. In Sec. II, we
present the system setup and the mode Hamiltonian.
We discuss the phase diagram of the non-interacting
case in Sec. III. We then study in detail the impact
of interactions on the Meissner state and the vortex
state, respectively in Secs. IV and V. The detection
and conclusion are given respectively in Secs. VI and VII.
II. MODEL AND HAMILTONIAN
We consider a similar setup as in the recent experiment
on synthetic SOC in optical lattice clocks [10]. As shown
in Fig. 1(a), a pair of counter-propagating laser with the
“magic” wavelength λL = 2pi/kL is used to generate a
one-dimensional (1D) optical lattice potential VL (x) =
Vx cos
2(kLx), where Vx is the lattice depth. The synthetic
SOC is implemented by an ultra-narrow pi-polarized clock
laser with a wavelength λC, which drives a single-photon
transition between the clock states with the same nuclear
(a)
(b)
Vex
Ω
e↓
g↓g↑
e↑
λL
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θ
π
λL
FIG. 1: (a) Schematics of the experimental setup. The ul-
tracold alkaline-earth-like atoms are trapped in a 1D optical
lattice, which is generated by a pair of counter-propagating
lasers with the “magic” wavelength λL, such that states in the
clock-state manifolds 1S0 and
3P0 are subject to the same lat-
tice potential. An ultranarrow pi-polarized clock laser with a
wavelength λC drives a single-photon transition between the
clock-state manifolds. By introducing an angle θ between the
clock laser and that generating the optical lattice, the pho-
ton recoil momentum becomes kC = 2pi cos θ/λC and can be
tuned experimentally. (b) Energy levels considering two nu-
clear spin states |↑〉 and |↓〉 in each manifold. While states
in the 1S0 and
3P0 manifolds are coherently coupled by the
spin-conserving clock laser (the red curves), the interaction
in the clock-state manifolds can couple distinct spin states in
different orbitals (the green curves).
spins. Due to the existence of the angle θ between the
wave vector of the clock laser and the alignment of the
1D optical lattice [see Fig. 1(a)], the momentum transfer
becomes kC = 2pi cos θ/λC [10]. A key ingredient in this
system is the inter-orbital spin-exchange interaction [37–
39], as shown by the green curves in Fig. 1(b). The full
Hamiltonian is written as (~ = 1 hereafter)
HˆT = HˆL + HˆC + HˆI (1)
with
HˆL =
∑
ασ
∫
dxψˆ†ασ (x) [−
∇2
2m
+ VL (x)]ψˆασ (x) , (2)
HˆC =
ΩR
2
∑
σ
∫
dx[ψˆ†gσ (x) e
ikCxψˆeσ (x) + H.c.], (3)
HˆI =
g±
2
∫
dx[Ψ†g↑Ψ
†
e↓ ∓Ψ†g↓Ψ†e↑] [Ψe↓Ψg↑ ∓Ψe↑Ψg↓]
+ g−
∫
dx
[
Ψ†g↑Ψ
†
e↑Ψe↑Ψg↑+Ψ
†
g↓Ψ
†
e↓Ψe↓Ψg↓
]
, (4)
where α = {g, e} is the orbit index, σ = {↑, ↓} is the
spin index, Ψασ and Ψ
†
ασ are the corresponding field op-
erators, ΩR is the Rabi frequency of the clock laser, g±
3are the 1D interaction strengths [51, 55], and H.c. is the
Hermitian conjugate. Note that in writing down Hamil-
tonian (1), we only consider four nuclear spin states from
the |g〉 and |e〉 manifolds. In principle, the other nu-
clear spin states can be shifted away by imposing spin-
dependent laser shifts [24].
When the 1D optical lattice is deep enough and ΩR
is not too large [56–58], we may take the single-band
approximation and write down the corresponding tight-
binding model
HˆTB = −t
∑
<i,j>,ασ
cˆ†iασ cˆjασ+
Ω
2
∑
j,σ
(eiφj cˆ†jgσ cˆjeσ+H.c.)
+U
∑
j
(nˆjg↑nˆje↓ + nˆjg↓nˆje↑) + U0
∑
jσ
nˆjgσnˆjeσ
+Vex
∑
j
(cˆ†jg↑cˆ
†
je↓cˆje↑cˆjg↓ + H.c.), (5)
where cˆjασ (cˆ
†
jασ) is the annihilation (creation) operator
for atoms on the ith site of the α orbital and the spin
σ, nˆjασ = cˆ
†
jασ cˆjασ. The spin-conserving hopping rate
t=
∣∣∣∫ dxw(j) [−∇22m + VL (x)]w(j+1)∣∣∣, with w(j) being the
lowest-band Wannier function on the jth site of the lat-
tice potential VL (x),. The spin-flipping hopping rate Ω
= ΩR
∫
dxw(j)eikCxw(j) . φ = 12kCλL = piλL cos θ/λC
is the synthetic magnetic flux per plaquette induced
by the SOC, U = 12 (g+ + g−)
∫
dxw(j)w(j)w(j)w(j)
and U0 =g−
∫
dxw(j)w(j)w(j)w(j) are the inter-orbital
density-density interaction strengths with the same
and different nuclear spins, respectively. Vex =
1
2 (g− − g+)
∫
dxw(j)w(j)w(j)w(j) is the inter-orbital
spin-exchange interaction strength. Hamiltonian (5) has
the advantage that all parameters can be tuned indepen-
dently. For example, t can be controlled by the depth of
the optical lattice potential, Ω and φ can be controlled
by the Rabi frequency and the angle of the clock laser,
respectively, and {Vex, U , U0} can be tuned through the
orbital Feshbach resonance [51–53] or the confinement
induced resonance [54, 55]. In the following, we take
U0 = Vex +U , which is dictated by the scattering param-
eters of 173Yb atoms [54, 55].
From the tight-binding Hamiltonian (5), it is clear
that if we drop the interaction terms and map the elec-
tronic (α) and the spin (σ) states onto effective lattice
sites along two different synthetic dimensions, the non-
interacting tight-binding model describes a pair of two-
leg ladders. We label the two synthetic dimensions as
the orbit α- and the spin σ-directions, respectively, while
the optical lattice lies along the x-direction. We may
then denote the synthetic dimensions as SD α and SD σ,
respectively. As illustrated in Fig. 2, the pair of lad-
ders each lie within the (x, α) plane with the legs of
both ladders along the x-direction. The rung tunnel-
ing in each ladder is facilitated by the SOC, which also
induces uniform magnetic flux in each plaquette of the
ladder. In the absence of interactions, the ladders are
φ
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FIG. 2: (a) A two-leg synthetic ladder with a synthetic mag-
netic flux φ = piλL/λC cos θ in each plaquette. The orbital
states can be treated as an effective synthetic dimension de-
noted as SD α. The two ladders along the synthetic dimen-
sion SD σ are identical and decoupled. (b) A pair of two-leg
synthetic ladders (i.e., |g ↑, e ↑〉 and |g ↓, e ↓〉), with the same
flux, are coupled by the inter-orbital spin-exchange interac-
tion (green curves). In this lattice, there are two-direction
synthetic dimensions, SD α and SD σ.
not coupled, as different spin states are independent on
the single-body level. However, the inter-orbital spin-
exchange interaction effectively couples the ladders to-
gether [see Fig. 2(b)], which, as we will show later, induce
inter-ladder currents along the σ-direction.
An important property here is the current along the
legs and the rungs of the ladder. Local and average cur-
rents along the x-direction can be define as [29, 30, 59],
J
‖
j,ασ = i
(
cˆ†j+1ασ cˆjασ − cˆ†jασ cˆj+1ασ
)
, (6)
J‖ασ =
1
L
∑
j
J
‖
j,ασ. (7)
Similarly, currents along the α-direction can be defined
as [30],
J⊥j,α = i(e
iφj cˆ†jeσ cˆjgσ − e−iφj cˆ†jgσ cˆjeσ), (8)
J⊥α =
1
L
∑
j
∣∣J⊥j,α∣∣ , (9)
Finally, we also define currents along the σ-direction as
J⊥j,σ = i(cˆ
†
jα↓cˆjα↑ − cˆ†jα↑cˆjα↓), (10)
J⊥σ =
1
L
∑
j
∣∣J⊥j,σ∣∣ . (11)
In the following discussions, we adopt the DMRG
formalism to calculate the ground state of the system,
from which we characterize currents and density corre-
lation functions. For the numerical calculation, we have
considered length of chain L up to 32 sites. We keep
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FIG. 3: (a) Phase diagram in the (Ω, φ) plane. The currents
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parameter Ω/t = 2.
the maxstates m = 200 and achieve truncation errors of
10−10. We mainly consider the case of half filling, i.e.,
n = N/(2L) = 1, where L is the length of chain and N
is the total number of atoms.
III. PHASES AND CURRENTS IN THE
NON-INTERACTING CASE
We first discuss the ground-state phases of the system
in the absence of interactions. In this case, different spin
states are decoupled, and we may identify a pair of two-
leg ladders, as illustrated in Fig. 2. From our numerical
calculations, we find that only the Meissner and the
vortex states appear in the ground-state phase diagram
shown in Fig. 3(a). Typically, when the synthetic flux is
small, the ground state is the so-called Meissner state,
where the edge currents J
‖
gσ and J
‖
eσ flow in opposite
directions along the two legs of each ladder [10, 23, 29],
as shown in Fig. 3(b). Upon increasing the flux above
a critical value, the ground state features a vortex
state with rung currents and vortex lattice structures in
the bulk of each ladder, i.e., in the (x, α) plane. The
existence of this so-called Vortex I state is confirmed
in Fig. 3(c), where nonzero J⊥α in the Vortex I state
regime indicates a finite current along the rungs in the
α-direction for each ladder. The current J⊥σ remains
zero in the non-interacting case, which is consistent with
the picture of two independent ladders of different spins.
We also note that in the non-interacting case, there are
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FIG. 4: (a) Phase diagram in the (U, Vex) plane. (b) The SDW
order S and the CDW order C as well as the currents (c) J‖
and (d) J⊥ as functions of U/t. In all subfigures, Ω/t = 4,
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no density-ordered phases.
IV. IMPACT OF INTERACTIONS ON THE
MEISSNER STATE
We now study the impact of interactions on the Meiss-
ner state for Ω/t = 4 and φ/pi = 0.75. As the interactions
are turned on, the system can undergo phase transitions
into exotic vortex states or phases with density orders.
We map out the phase diagram in the (U, Vex) plane,
while fixing other parameters. As shown in Fig. 4(a), the
phase diagram consists of three different phases: a simple
Meissner state, a Meissner state with CDW, and an ex-
otic vortex state with SDW, which we label as Vortex II
state. The simple Meissner state resembles the Meissner
state in the non-interacting case with chiral edge currents
and no density-orders in the bulk. The CDW Meissner
state features chiral edge currents as well as finite CDW
density correlations in the bulk. The most interesting
state here is the Vortex II state, which features finite
SDW correlations as well as currents and vortex lattice
structures in the (x, σ) plane.
The phase boundaries between these phases can be de-
termined from the CDW and the SDW correlations, as
well as from the currents’ calculations. As illustrated in
Fig. 4(b), for a fixed Vex/t = −6, the CDW order
C =
1
2L
∑
j
(−1)jnj (12)
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FIG. 5: (a) The currents J⊥ and (b) density profiles nj,↑−nj,↓
for different sites. (c) Sketch of currents of the Vortex II state.
In (a) and (b), Ω/t = 4, φ/pi = 0.75, Vex/t = −6, U/t = 2,
and n = 1.
has a finite value in the range −8 < U/t < 0, while the
SDW order
S =
1
L
∑
j
(−1)j(nj,↑ − nj,↓) (13)
has a finite value for 0 < U/t < 4.7. On the other
hand, while the edge currents J
‖
ασ are always finite
and opposite in directions for different sites in the α
direction, the currents J⊥σ and J
⊥
α only exist within a
range, as shown in Figs. 4(c) and 4(d). In particular,
the non-vanishing J⊥σ indicates inter-ladder currents
and vortices in the (x, σ) plane. To further characterize
the Vortex II state, in Figs. 5(a) and 5(b), we show
the spatial distribution of the inter-ladder currents as
well as the spin density. Apparently, the SDW and the
vortex lattice structure in the (x, σ) plane is due to the
interplay of the inter-orbital spin-exchange interaction
and the synthetic magnetic flux in the (x, α) plane, as
shown in Fig. 5(c).
V. IMPACT OF INTERACTIONS ON THE
VORTEX STATE
In this section, we study the impact of interactions on
the vortex states. In Fig. 6, we map out the phase dia-
gram in the (U, Vex) plane for Ω/t = 2 and φ/pi = 0.25.
In the absence of interactions, the system is in the vor-
tex state. With interactions, the system can undergo
phase transitions into various different phases. As shown
in Fig. 6(a), besides the Vortex II state and the CDW
Meissner state, several other exotic phases emerge in the
- 8 - 4 0 4 8- 8
- 4
0
4
8
- 8 - 4 0 4 80 . 0
0 . 4
0 . 8
- 8 - 4 0 4 8- 0 . 2
0 . 0
0 . 2
- 8 - 4 0 4 80 . 0
0 . 1
0 . 2e x
M e i s s n e r
O D W V o r t e x  IO D W
V o r t e x  I
M e i s s n e rC D W
 
 
U/t
V   / t
V o r t e x  I I M e i s s n e r
e x V   / t
 
 
Ord
er
 S O
e x
( d )( c )
( b )
V   / t
 
 
J 
 J | |e  
 J | |g 
( a )
e x
 
 J⊥
V   / t
 J ⊥
σ
 J ⊥
α
FIG. 6: (a) Phase diagram in the (U, Vex) plane. (b) The
SDW order S and the ODW order O as well as the currents
(c) J‖ and (d) J⊥ as functions of Vex/t. In all subfigures,
Ω/t = 2, φ/pi = 0.25, and n = 1, and (b)-(d) have the other
parameter U/t = 1.
phase diagram. While the Vortex I resembles the vortex
state in the absence of interactions, interesting phases
with density correlations in the orbital channel appear,
which can be further differentiated by their currents flows
as the ODW Meissner state and the ODW Vortex I state,
where the vortex occurs in the (x, α) plane, together
with density-wave orders in the orbital channel. Here
the ODW order is defined as
O =
1
L
∑
j
(−1)j(nj,g − nj,e). (14)
In Figs. 6(b)-6(d), we plot the currents and the den-
sity wave orders as functions of Vex/t for U/t = 1.
For Vex/t ∈ [−8,−2.06], the SDW order S has a finite
value, the ODW order vanishes with O = 0, the cur-
rents J
‖
ασ > 0 and J⊥σ > 0, the corresponding phase
is the Vortex II state. When Vex/t ∈ [−2.06,−1], the
SDW order S = 0, the ODW order O = 0, the cur-
rents J
‖
ασ > 0, J⊥α > 0, and J
⊥
σ = 0, the corresponding
phase is the Vortex I state. When Vex/t ∈ [−1, 0.77], the
SDW order S = 0, the ODW order O > 0, the currents
J
‖
ασ > 0, J⊥α > 0, and J
⊥
σ = 0, the corresponding phase
is the ODW Vortex I state. When Vex/t ∈ [0.77, 8], the
SDW order S = 0, the ODW order O = 0, the currents
J
‖
ασ > 0, J⊥α = 0, and J
⊥
σ = 0, the corresponding phase
is the Meissner state.
According to Hamiltonian (5), there are three dif-
ferent interaction parameters U , Vex and U0. It is
straightforward to see that the CDW order is favored
for the attractive interactions (U < 0, U0 < 0, Vex < 0);
6and that the SDW order is favored for the attractive
inter-orbital spin-preserving interaction (U0 < 0). This
is because the CDW order can decrease the interaction
energy of all the attractive on-site interactions. While
the SDW order mainly decreases the energy of the at-
tractive inter-orbital spin-preserving interactions. These
are consistent with previous studies on the SU(2) ladder
systems [41, 43]. Note that for the phase diagrams in
Figs. 4 and 6, we have fixed U0 = Vex + U . In the phase
diagrams, the CDW state becomes unstable against
the Vortex II state when U is not sufficiently negative.
Apparently, the competition between the CDW and the
SDW orders is driven by the interactions associated
with U and U0, which is eventually determined by the
relative values of U and Vex. On the other hand, the
emergence of the ODW order in Fig. 6 can be understood
as a configuration in which the repulsive energies are
minimized in the case of U > 0 and U0 > 0. A subtlety
here is the impact of the magnetic flux in the x-α plane
on the density ordered phases. From numerical analysis,
we see that an increase of magnetic flux can lead to a
stronger competition between different density-ordered
phases, which gives rise to a richer phase diagram. In
any case, we emphasize that the exotic Vortex II state
with the SDW order is always robust in the negative U0
limit.
VI. DETECTION
Given the rich phase diagram discussed above, a natu-
ral question is how to detect them experimentally. In gen-
eral, the different phases of the system are characterized
by their chiral edge currents as well as the density cor-
relations in different channels such as CDW, ODW and
SDW. Here, the density orders can be probed by state-
selective measurements of density distributions. While
the CDW order can be identified by oscillations of the
total density distribution from site to site, the ODW and
the SDW orders can be identified, respectively, by oscil-
lations of the density distribution of a given orbital (|g〉
or |e〉) or of a given spin (|↑〉 or |↓〉). For the detection
of the Meissner and the vortex states, one can in princi-
ple follow the approach in Ref. [30], where, by projecting
the wave function into isolated double wells along each
leg, the chiral currents can be calculated from the oscil-
latory density dynamics in the double wells. The vortex
state can be identified either from the variation of the
chiral currents, as the maximum of the chiral currents
appear at the phase boundary between the Meissner and
the vortex states [see Figs. 4(a) and 6(a)]. Alternatively,
one should also identify the Vortex I and the Vortex II
states, respectively, from the relative phase between the
oscillations of different orbital and spin states. The rela-
tive phase should be pi in the case of the Meissner state,
and smaller than pi in the case of the vortex states [30].
VII. CONCLUSION
We show that by implementing synthetic SOC in
alkaline-earth-like atoms, one naturally realizes multiple
two-leg ladders with uniform synthetic flux. As inter-
actions couple different ladders together, the system
features a rich phase diagram. In particular, we demon-
strate the existence of an interaction-induced vortex
state, which possesses SDW in the spin channel. The
different phases can be experimentally detected based
on their respective properties. As many phases in the
phase diagram simultaneously feature density order and
edge or bulk currents, a potential experimental challenge
lies in the efficient detection of the various phases.
This is particularly so for the exotic interaction-induced
Vortex II state, whose SDW order as well as the bulk
currents along SD σ require spin-selective detections.
Nevertheless, with the state of the art quantum control
over the clock states in alkaline-earth-like atoms, we
expect that these challenges can be overcome with
existing experimental techniques. Our results reveal the
impact of interactions on spin-orbit coupled systems,
and are particularly relevant to the on-going exploration
of spin-orbit coupled optical lattice clocks.
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